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1 Introduction
Reducing the Hilbert-Einstein gravity action from 3- to 2-dimensional space-time produces
an interesting 2-dimensional (lineal) gravity theory [1], which has engendered much further
research [2]. But in 3 dimensions there exists another invariant action: the gravitational
Chern-Simons term [3], whose reduction to 2 dimensions is the subject of this paper. The
present work is a continuation of earlier investigations, wherein Lie-group-based Chern-
Simons terms are reduced in various ways [4].
In Section 2, we recall the construction of the gravitational Chern-Simons term. In
Section 3, a Kaluza-Klein Ansatz is posited for the 3-metric tensor, and the 3-dimensional
Chern-Simons action is reduced to 2 dimensions. There it retains some topological fea-
tures and is reminiscent of an axion/Chern-Pontryagin structure. Some properties of the
emergent lineal gravity theory are explored in Section 4. In particular, attention is called
to a symmetry breaking solution, which gives rise to anti-de Sitter space. Also, there is
a kink solution that deforms the anti-de Sitter space as it interpolates between the sym-
metry breaking configurations: asymptotically reproducing the anti-de Sitter space, but
possessing positive curvature in finite regions. Concluding remarks comprise Section 5.
Two Appendices are devoted to detailed calculations. In Appendix A we give the deriva-
tion of our general relativistic kink. In Appendix B a relation is demonstrated between
flat space and general relativistic kinks, governed by the same potential.
2 Gravitational Chern-Simons Term
The Chern-Simons term, based on a Lie algebra, with matrix-valued gauge connections
Aµ, takes the form
CS(A) =
1
4π2
∫
d3xǫµνλtr
(
1
2
Aµ∂νAλ +
1
3
AµAνAλ
)
. (2.1)
Its variation with respect to Aµ leads to the dual
∗F µ of the curvature Fµν
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] , (2.2)
∗F µ =
1
2
ǫµνλFνλ , (2.3)
δCS(A) =
1
4π2
∫
d3x tr (∗F µδAµ) . (2.4)
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While (2.1) is invariant against infinitesimal gauge transformations, finite gauge transfor-
mations
Aµ → U−1AµU + U−1∂µU , (2.5)
produce the response
CS(A)→ CS(A)− 1
24π2
∫
d3xǫµνλtr
(
U−1∂µUU
−1∂νUU
−1∂λU
)
, (2.6)
apart from a surface integral, which we drop. The last term in (2.6) is the “winding
number” W (U) of the gauge transformation function U . Even though the variation of
W (U) is a surface term
δW (U) = − 1
8π2
∫
d3xǫµνλ∂µtr
(
U−1∂νUU
−1∂λUU
−1δU
)
, (2.7)
W (U) can be non vanishing for homotopically non trivial U . This may require that the
strength of the Chern-Simons term be quantized [3].
Analogous properties are enjoyed by the gravitational Chern-Simons term. This is
made explicit when we use an adapted notation, defined as follows.
Consider the Christoffel connection, constructed from the metric tensor1 Gµν
Γλµν =
1
2
Gλσ (∂µGσν + ∂νGσµ − ∂σGµν) . (2.8)
The coordinate transformation law for Γλµν
Γλµν(x)→ Γ˜λµν(x˜) =
∂x˜λ
∂xρ
∂xσ
∂x˜µ
∂xτ
∂x˜ν
Γρστ (x) +
∂x˜λ
∂xρ
∂2xρ
∂x˜µ∂x˜ν
, (2.9)
may be succinctly presented in the following manner. Consider Γλµν to be a matrix valued
connection with space-time index µ, and matrix indices (λ, ν)
Γλµν = (Aµ)
λ
ν . (2.10)
1In our notation, capital letters denote quantities in the larger space, here 3-dimensional, while lower
case is used for corresponding quantities in the reduced space, here 2-dimensional. Also, letters from
the middle of the Greek alphabet (λ, µ, ν, ...) refer to space-time components in the larger space, while
beginning letters (α, β, γ, ...) denote components in the reduced, 2-dimensional space. Finally, tangent
space (flat space) components, to be introduced below, are described by Latin letters, capitalized in
3-space, lower-case in 2-space.
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Then (2.9) is recognized as a coordinate transformation on the index µ, and a gauge
transformation (2.5) with gauge function
(U)τν =
∂xτ
∂x˜ν
,
(
U−1
)λ
ρ
=
∂x˜λ
∂xρ
, (2.11)
(Aµ(x))
λ
ν →
(
A˜µ(x˜)
)λ
ν
=
∂xσ
∂x˜µ
(
U−1Aσ(x)U + U
−1 ∂
∂xσ
U
)λ
ν
. (2.12)
Moreover, the formula for the Riemann curvature tensor
Rρσµν =
∂Γρµσ
∂xν
− ∂Γ
ρ
νσ
∂xµ
+ ΓρντΓ
τ
µσ − ΓρµτΓτνσ , (2.13)
coincides with the gauge theoretic curvature of Aµ
Rρσµν = (Fνµ)
ρ
σ = (∂νAµ − ∂µAν + [Aν , Aµ])ρσ . (2.14)
The Vielbein/spin connection formulation of gravity is also usefully presented with the
above variables. Denoting the Vielbein by EAµ and its inverse by
2 EµA = G
µνηABE
B
ν , we
have the defining property
Gµν = ηABE
A
µE
B
ν . (2.15)
The metricity condition defines the spin connection (Ωµ)
A
B
DµE
A
ν = ∂µE
A
ν − ΓλµνEAλ = − (Ωµ)AB EBν . (2.16)
But with (2.10) this may be rewritten as
(Aµ)
λ
ν = E
λ
A (Ωµ)
A
B E
B
ν + E
λ
A∂µE
A
ν , (2.17)
showing that the Christoffel connection Aµ [matrix indices (λ, ν)] is the gauge transform
of the spin connection Ωµ [matrix indices (A,B)] with the gauge function U
B
ν = E
B
ν .
It then follows immediately from (2.14) that the Riemann curvature tensor constructed
from the spin connection
RABµν = (∂νΩµ − ∂µΩν + [Ων ,Ωµ])AB , (2.18)
is related to (2.14) by
Rρσµν = E
ρ
AR
A
BµνE
B
σ . (2.19)
2Here η = diag(+1,−1, ...) is the tangent space (flat space) metric tensor.
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This notation provides a gauge theory/gravity theory dictionary, with which we can
translate the gauge theoretic Chern-Simons term (2.1) into the gravitational one in terms
of the Christoffel connection. Using (2.10) in (2.1) leads to
CS(Γ) =
1
4π2
∫
d3xǫµνλ
(
1
2
Γρµσ∂νΓ
σ
λρ +
1
3
ΓρµσΓ
σ
ντΓ
τ
λρ
)
. (2.20)
Moreover, (2.5), (2.6), (2.10), and (2.17) provide an alternative formula for CS(Γ) in terms
of the spin connection
CS(Γ) =
1
4π2
∫
d3xǫµνλtr
(
1
2
Ωµ∂νΩλ +
1
3
ΩµΩνΩλ
)
− 1
24π2
∫
d3xǫµνλtr (VµVνVλ) . (2.21)
The matrix (Vµ)
σ
ρ is seen from (2.17) to be E
σ
A∂µE
A
ρ; thus the last term is the winding
number W (E) of the Dreibein EAµ.
According to (2.7), the variation of W (E) is a surface term, therefore variations of
CS(Γ) coincide with those of CS(Ω) – the next-to-last contribution to (2.21) – and W (E)
does not contribute to the equations of motion. However, invariance against local rotations
– the gauge group of the spin connection – is assured only when W (E) is kept: the non-
invariance of CS(Ω) [c.f. (2.6)] is compensated by the non-invariance of W (E). This is as
it must be, because the two together reproduce CS(Γ), which does not respond to local
rotations. Thus, regardless of the homotopy properties of local rotations, there are no
quantization requirements on the gravitational Chern-Simons coefficient.
Correspondingly, diffeomorphisms preserve the world scalar CS(Ω). One can check
that the non invariance of CS(Γ) in (2.21) is carried by the last termW (E) which changes
as in (2.6), with U given by (2.11)3.
We note that in 3 dimensions the antisymmetric quantity Ωµ ,AB = ηAC(Ωµ)
C
B may
be written as ǫABCΩ
C
µ. Consequently a simpler expression for CS(Ω) is available
CS(Ω) = − 1
4π2
∫
d3xǫµνλ
(
ηAB Ω
A
µ∂νΩ
B
λ −
1
3
ǫABCΩ
A
µΩ
B
νΩ
C
λ
)
= − 1
4π2
∫
d3xǫµνληABΩ
A
µ∂νΩ
B
λ +
1
2π2
∫
d3x det ΩAµ . (2.22)
The variation of the gravitational Chern-Simons term determines the Cotton tensor.
The derivation is facilitated by our gauge theoretical dictionary. From (2.4), (2.10), and
3This analysis of the invariance properties of the gravitational Chern-Simons term was first performed
by R.Percacci [5], who also argued that diffeomorphisms (orientation preserving, and tending to the
identity at infinity) do not possess a non-vanishing winding number. Therefore no quantization of the
Chern-Simons coefficient is needed in the metric formulation, consistent with the conclusion found in the
spin connection formulation.
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(2.14) we have
δCS(Γ) =
1
8π2
∫
d3xǫµνλRρσλνδΓ
σ
µρ . (2.23)
Next we use the 3-dimensional formula for the Riemann tensor in terms of the Ricci
tensors and scalar curvature
Rρσλν = δ
ρ
λ(Rσν −
1
2
GσνR)− δρν(Rσλ −
1
2
GσλR) +GσνR
ρ
λ −GσλRρν , (2.24)
and the expression for the variation of the Christoffel connection
δΓσµρ =
1
2
Gστ (DµδGτρ +DρδGτµ −DτδGµρ) , (2.25)
to write (2.23), after a partial integration, as
δCS(Γ) =
1
4π2
∫
d3xǫµνσ(DµR
τ
ν)δGστ
≡ − 1
8π2
∫
d3x
√
GCστδGστ , (2.26)
where G = det Gµν , and the Cotton tensor C
στ is
Cστ = −1
2
1√
G
(ǫµνσDµR
τ
ν + ǫ
µντDµR
σ
ν ) . (2.27)
This is traceless, indicating that CS(Γ) is conformally invariant.
3 Dimensional Reduction
To effect the dimensional reduction from 3 (t, x, y) to 2 (t, x) dimensions, we choose the
Lorentz signature and set a Kaluza-Klein Ansatz for the metric tensor Gµν [6]
Gµν = φ
(
gαβ − aαaβ −aα
−aβ −1
)
. (3.28)
Here (µ, ν = 0, 1, 2), gαβ is the metric tensor for our 2-space, aα is a 2-vector, (α, β =
0, 1), and φ is a scalar. All quantities depend on the first two coordinates (t, x), and
are independent of the third coordinate y. When a general y-independent coordinate
transformation, δxµ = −ξµ(t, x), is performed on Gµν
δGµν = ξ
ρ∂ρGµν + ∂µξ
ρGρν + ∂νξ
ρGµρ , (3.29)
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it follows that
− δG22 = δφ = ξα∂αφ ,
−δ(Gα2/φ) = δaα = ξβ∂βaα + ∂αξβaβ + ∂αξ2 , (3.30)
δ([Gαβ + aαaβ]/φ) = δgαβ = ξ
γ∂γgαβ + ∂αξ
γgγβ + ∂βξ
γgαγ .
This shows that the reduced quantities transform properly under 2-dimensional diffeomor-
phisms, and also that aα undergoes an Abelian gauge transformation with gauge function
ξ2. Consequently the reduced action will be a gauge and coordinate invariant. Moreover,
because the Chern-Simons term is conformally invariant, it will not depend on φ, which we
henceforth set to 1. With (3.28) and φ = 1, the components of the Christoffel connection
are
Γαβγ = γ
α
βγ − gαδ(aβfγδ + aγfβδ) ,
Γ2βγ =
1
2
(Dβaγ +Dγaβ) +
1
2
aδ(aβfγδ + aγfβδ) , (3.31)
Γα2β =
1
2
gαγfγβ , Γ
2
2γ =
1
2
fγδa
δ , Γα22 = Γ
2
22 = 0 .
The inverse of gαβ is g
αβ, and all indices are moved with this 2-dimensional metric tensor.
The Abelian field strength fαβ is constructed from aα: fαβ = ∂αaβ − ∂βaα. D is the
covariant derivative based on the connection γαβγ.
For the Dreibein EAµ and spin connection Ω
A
µ we have
Eaα = e
a
α , E
2
α = aα , E
a
2 = 0 , E
2
2 = 1 , (3.32)
and
Ωaα =
1
2
eaαf , Ω
2
α = −ωα −
1
2
faα , Ω
a
2 = 0 , Ω
2
2 = −
1
2
f . (3.33)
Here eaα is the Zweibein, the 2-dimensional spin connection (ωα)
a
b is written in terms
of 2-dimensional antisymmetric symbol as ωα, ab = ǫab ωα, while f is the invariant field
strength
fαβ =
√−g ǫαβf , (3.34)
g = det gαβ, ǫ
01 = 1. With these, we find for the gravitational Chern-Simons term (apart
from surface contributions)
CS = − 1
8π2
∫
d2x
√−g(fr + f 3) , (3.35)
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where r is the 2-dimensional scalar curvature. Note that the topological origin of this
expression is recognized when we express
√−gfd2x as the 2-form da, with a = aαdxα.
Thus we also have
CS =
1
8π2
∫
da(r + f 2) . (3.36)
Another intriguing rewriting presents (3.36) as
CS =
1
4π
∫
d2x Θ ǫαβfαβ , (3.37)
where Θ = 1
4pi
(r + f 2). This puts into evidence an axion (Θ) - Chern-Pontryagin (ǫαβfαβ
in 2 dimensions) structure. Finally, we remark that the 3-dimensional scalar curvature R
with Ansatz (3.28) (and φ = 1) reduces to [6]
R = r +
1
2
f 2 . (3.38)
4 Variations and Equations of Motion
Variation of (3.36) produces
δCS =
1
4π2
∫
d2x
√−g(−jαδaα + 1
2
Tαβδg
αβ) , (4.39)
where
jα = − 1
2
√−g ǫ
αβ∂β(r + 3f
2) , (4.40)
Tαβ = gαβ(D
2f − f 3 − 1
2
rf)−DαDβf . (4.41)
Note that identically Dαj
α = 0, as consequence of gauge invariance. For the second rank
tensor we have
DβTαβ = −∂α(f 3 + 1
2
rf) + [Dα, Dβ]D
βf . (4.42)
The last term is 1
2
r∂αf , so (4.42) becomes
DβTαβ = −1
2
f∂α(r + 3f
2) = jβfβα , (4.43)
which vanishes with jβ, as it should as consequence of 2-dimensional diffeomorphism
invariance.
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The components of the dimensionally reduced Cotton tensor are
Cαβ = T αβ , Cα2 = −jα − T αβaβ , C22 = gαβT αβ + aαT αβaβ + 2jαaα . (4.44)
If the entire dynamics is governed by the Chern-Simons term, the equations of motion
become
0 = ǫαβ∂β(r + 3f
2) , (4.45)
0 = gαβ(D
2f − f 3 − 1
2
rf)−DαDβf . (4.46)
The first is solved by
r + 3f 2 = constant = c . (4.47)
Eliminating r in (4.46), and decomposing into the trace and trace-free parts lead to
0 = D2f − cf + f 3 , (4.48)
0 = DαDβf − 1
2
gαβD
2f . (4.49)
Note that the equations are invariant against changing the sign of f (the action changes
sign). A solution that respects this “symmetry” is
f = 0 , r = c . (4.50)
However, there is also a ”symmetry breaking” solution
f = ±√c , r = −2c , c > 0 . (4.51)
The 3-dimensional curvature associated with the above two solutions is, according to
(3.38), R = c for the symmetry preserving case (4.50), and R = −3
2
c (c > 0) for the
symmetry breaking one. Although both show constant curvature, the latter is maximally
symmetric in the 3-dimensional geometrical sense, i.e. one verifies that the 3-dimensional
Ricci tensor Rµν is given by
1
3
gµνR, with six Killing vectors that span SO(2, 1)×SO(2, 1) =
SO(2, 2), the isometry of 3-dimensional anti-de Sitter space. The former is not maximally
symmetric, and it admits only four Killing vectors that span SO(2, 1)× SO(2).
When c > 0, so that the symmetry breaking solution (4.51) is present, there also is a
kink solution. The profile for f
f =
√
c tanh
√
c
2
x , (4.52)
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interpolates between the two homogeneous solutions in (4.51), and with (4.47) gives rise
to the 2-dimensional curvature
r = −2c + 3c 1
cosh2
√
c
2
x
. (4.53)
The relevant line element is
(ds)2 =
1
cosh4
√
c
2
x
(dt)2 − (dx)2 . (4.54)
One may directly verify that (4.47)–(4.49) are satisfied by (4.52)–(4.54). In Appendix A
we give a constructive derivation of the various expressions.
Note that for small values of
√
c|x| (< 1.3) the curvature becomes positive, while
for larger values it is negative, achieving anti-de Sitter space at spatial infinity. Similar
behavior is seen in the 3-dimensional curvature, which according to (3.38) is
R = −3c
2
+
5c
2
1
cosh2
√
c
2
x
. (4.55)
The corresponding 3-dimensional line element reads
(dS)2 = − (dx)2 − 2 dt dy
cosh2
√
c
2
x
− (dy)2 . (4.56)
Apart from t- and y- translations, the metric possesses no other symmetries.
From (4.48) we see that one may view f as moving in a potential
V (f) =
1
4
(c− f 2)2 . (4.57)
In flat space this potential also supports a kink with profile
k(x) =
√
c tanh
√
c
2
x . (4.58)
Apart from a different scale on x, this coincides with our general relativistic kink (4.52).
Note also that the 2-dimensional line element in (4.54) may be presented in terms of V ,
up to a rescaling of t
(ds)2 = V (f) (dt)2 − (dx)2 . (4.59)
In Appendix B we show that these relations between general relativistic and flat space
kinks are not accidental, and can be understood in general terms.
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5 Conclusions
We have shown that dimensionally reducing the 3-dimensional gravitational Chern-Simons
term produces a 2-dimensional topological theory. By itself it leads to symmetry breaking
and kink solutions, which structurally are very similar to certain flat space kinks. Further
investigation should address the stability of time-dependent fluctuations around our static
solutions.
It is interesting that the kink causes the space to possess asymptotic anti-de Sitter
geometry, while carrying positive curvature at small distances and vanishing at an inter-
mediate point. In this way the effect of the kink is analogous to a geometric gravitational
force, which has been previously explored [7]: in 2-dimensional space-time one couples a
connection 1-form A to the world line of a particle. A is not an external variable, but is
implicitly constructed from gravitational variables through the formula
∂µAν − ∂νAµ = ǫµν
√−gΛ , (5.60)
where Λ is a constant. The covariantly constant 2-form, dA, causes the cosmological
constant to shift by 2Λ across the world line (which divides 2-dimensional space-time).
This mechanism also exists in higher dimensions. For example in 4-dimensional space-time
one couples a 3-form potential to a membrane, and the “field” is a covariantly constant
4-form, affecting the cosmological constant in a similar fashion [8].
Our 2-dimensional Lagrangian (3.35) is formally similar to dilaton Lagrangians. In-
deed, when our f is identified with the dilaton field, (3.35) becomes the a = 0, b = 3
special case in the class of dilaton models discussed in [2], eq. (3.67). However, the cru-
cial difference is that f is not a fundamental field, but a 2-dimensional curl of a vector
potential. In terms of the latter, the equations of motion are of third derivative order, as
is the Cotton tensor (2.27). Evidently our construction gives a suggestion for generalizing
dilaton theories [2]: replace the dilaton scalar by the curl of a vector.
Dimensional reduction of higher dimensional Chern-Simons terms should also be in-
teresting. A 5-dimensional Chern-Simons term reduced to 4 dimensions should result in
an action of the form ∫
d4x Θ(R,F, φ) ∗F µνFµν , (5.61)
where the Chern-Pontryagin “anomaly” density ∗F µνFµν is multiplied by the “axion”
field Θ, here depending on the geometry R, the gauge field F , and a dilaton φ [c.f.
(3.37)]. If Θ has strong variation in only one direction of space-time, the effect of (5.61)
would be similar to the Chern-Simons modification of Maxwell theory, which produces
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a Lorentz violating Faraday rotation [9] (not seen experimentally [10]). Reducing from
higher dimensions could produce non-Abelian gauge fields. Whether generalized kinks
(solitons) exist in these models remains an interesting but open question.
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Appendix A: Construction of the General Relativistic
Kink
We derive the kink profile (4.52), together with (4.53) and (4.54). The validity of these
expressions can be established by directly verifying that (4.47)-(4.49) are satisfied4. But
it is interesting to give a construction.
We begin by using light-cone components x±, and adopting the 2-dimensional confor-
mal gauge: gαβ = e
σηαβ , η+− = 1, η++ = 0 = η−−. First, we work on the consequences of
(4.49), which now reads
∂α(e
−σ∂βf) + ∂β(e
−σ∂αf) = ηαβη
γδ∂γ(e
−σ∂δf) . (A.1)
This is recognized as the (flat, 2-dimensional) conformal Killing equation for the quantity
e−σ∂αf . It is solved by the statement that e−σ∂±f depends only on x∓
e−σ∂±f = a∓(x
∓) . (A.2)
It further follows that
a+(x
+)∂+f = e
σa+(x
+)a−(x
−) = a−(x
−)∂−f . (A.3)
When we introduce new variables X± through the relation
X± =
∫ x± du
a±(u)
, (A.4)
Eq.(A.3) reads
∂
∂X+
f =
∂
∂X−
f = eσa+a− , (A.5)
or, going to the Cartesian basis5
X± =
1√
2
(X ± T ) , (A.6)
Eq.(A.5) states that f is T -independent, and depends only on X . From (A.5) it also
follows that
eσa+a− =
1√
2
df
dX
. (A.7)
4One would compute r and the covariant derivative from the line element (4.54).
5In spite of the notation, we are not assuming that T is a time-like coordinate and X space-like. The
identification will emerge presently.
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Consequently, the line element may be written as
(ds)2 = eσ2dx+dx− = eσ
dx+
dX+
dx−
dX−
2dX−dX−
=
1√
2
df
dX
[
(dX)2 − (dT )2
]
. (A.8)
Next we turn to (4.47) and (4.48). In our initial conformal light-cone coordinates these
read
2e−σ∂+∂−σ = c− 3f 2 , (A.9)
2e−σ∂+∂−f = cf − f 3 . (A.10)
With (A.4), one converts them to
2
e−σ
a+a−
∂
∂X+
∂
∂X−
ln
∂f
∂X
= c− 3f 2 , (A.11)
2
e−σ
a+a−
∂
∂X+
∂
∂X−
f = cf − f 3 . (A.12)
In (A.9), (A.7) was used to reexpress ∂
∂X+
∂
∂X−
σ. We thus arrive at
√
2
df/dX
d2
dX2
ln
df
dX
= c− 3f 2 , (A.13)
√
2
df/dX
d2
dX2
f = cf − f 3 . (A.14)
Observe that (A.13) is a consequence of (A.14) (differentiate the latter and divide by
df/dX to obtain the former). So we need not consider (A.13) any further and concentrate
on (A.14), which reads
√
2
d2
dX2
f = (cf − f 3) df
dX
. (A.15)
The first integral is immediate
√
2
df
dX
= −1
4
(c− f 2)2 , (A.16)
where the integration constant is chosen so that, as |X| → ∞ and f 2 → c, df/dX vanishes.
The next integral gives
− 1√
2
c3/2X =
2
√
cf
c− f 2 + ln
∣∣∣∣∣
√
c+ f√
c− f
∣∣∣∣∣ . (A.17)
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To proceed, we change variables from X to z, through the formula
f(X) =
√
c tanhmz , (A.18)
where m ia an arbitrary parameter. From (A.17), this implies that
− 1√
2
c3/2X = 2mz + sinh 2mz . (A.19)
We rewrite the line element (A.8) in terms of the new coordinate
(ds)2 =
1√
2
√
cm
cosh2mz
dz
dX

(dX
dz
)2
(dz)2 − (dT )2

 . (A.20)
The remaining derivative is evaluated from (A.19)
− 1√
2
c3/2
dX
dz
= 4m cosh2mz , (A.21)
and the line element (A.20) becomes
(ds)2 =
c2
8
1
cosh4mz
(dT )2 − 4m
2
c
(dz)2 . (A.22)
A final rescaling
T =
√
8
c
t¯ , z =
√
c
2m
x¯ , (A.23)
arrives at the line element (4.54), and the kink profile (A.18) agrees with (4.52).
Note that the disposition of signs in the line element shows that T is a time-like
variable, and X space-like: our kink is static, a derived result which was not assumed a
priori.
Appendix B: Flat vs General Relativistic Kinks
We derive a general relation between flat space and general relativistic kinks. A specific
instance of this relations is provided by the model discussed in the text.
With a specific potential V , see (4.57)-(4.59), the flat space kink, k, depending on a
single spatial variable, satisfies the equation
k′′ = V ′(k) , (B.1)
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with first integral
k′ =
√
2V (k) , (B.2)
where prime indicates differentiation with respect to the argument.
We shall consider general relativistic kinks obeying
D2f = −V ′(f) , (B.3)
DαDβf =
1
2
gαβD
2f . (B.4)
As explained in Appendix A, Eq.(B.4) implies that f depends only on X ; this allows
rewriting the left side of (B.3) so that f satisfies the equation
√
2
df/dX
d2
dX2
f = −V ′(f) , (B.5)
and leads to the line element
(ds)2 =
1√
2
df
dX
[
(dX)2 − (dT )2
]
, (B.6)
[compare (A.8) and (A.14)].
Equivalent to (B.5) is
√
2
d2
dX2
f = −V ′(f) df
dX
, (B.7)
with immediate first integral
df
dX
= − 1√
2
V (f) . (B.8)
The second integral gives √
2
∫ f(X) du
V (u)
= −X . (B.9)
Next, we change variables from X to z, using the flat space kink k of (B.1), and (B.2)
arising from the same potential V [c.f. (A.18)]
f(X) = k(z) , (B.10)
√
2
∫ k(z) du
V (u)
= −X . (B.11)
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The line element (B.6) is now rewritten as
(ds)2 =
1
2
V (f) (dT )2 − 1√
2
dk(z)
dz
dz
dX


(
dX
dz
)2
(dz)2


=
1
2
V (f) (dT )2 − 1√
2
dk(z)
dz
dX
dz
(dz)2 . (B.12)
The derivative of X is evaluated from (B.11)
dX
dz
= −
√
2
V (k)
dk(z)
dz
, (B.13)
giving for the line element
(ds)2 =
1
2
V (k) (dT )2 − 1
V (k)
(
dk(z)
dz
)2
(dz)2 . (B.14)
But, from (B.2) this is
(ds)2 =
1
2
V (k) (dT )2 − 2 (dz)2 . (B.15)
A final rescaling z = 1√
2
x¯, T =
√
2t¯, gives agreement with (4.59), and shows from (B.10)
that general relativistic kink coincides with flat-space kink, apart from rescaling of the
argument
f = k
(
X/
√
2
)
. (B.16)
The 2-curvature associated with the geometry (4.59) is
r =
1
2
1
V 2
(
dV
dX
)2
− 1
V
d2V
dX2
. (B.17)
The derivatives are evaluated by recalling that V depends on the rescaled kink profile
(B.16)
dV
dX
=
1√
2
V ′k′ = V ′
√
V , (B.18)
d2V
dX2
=
k′√
2
(
V ′′
√
V +
1
2
(V ′)2√
V
)
= V ′′V +
1
2
(V ′)2 . (B.19)
In the last equality we used (B.2). Thus
r = −V ′′ . (B.20)
All these relations are realized with the specific example considered in the text, where
V = 1
4
(c− f 2)2, compare (4.47), (4.52), (4.54), (4.58).
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